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Planar Bipedal Jumping Gaits With Stable Landing
Dip Goswami, Student Member, IEEE, and Prahlad Vadakkepat, Senior Member, IEEE

Abstract—In this paper, landing stability of jumping gaits is
studied for a four-link planar biped model. Rotation of the foot
during the landing phase leads to underactuation due to the pas-
sive degree of freedom at the toe, which results in nontrivial zero
dynamics (ZD). Compliance between the foot and ground is mod-
eled as a spring–damper system. Rotation of the foot along with
the compliance model introduces switching in the ZD. The stability
conditions for the “switching ZD” and closed-loop dynamics (CLD)
are established. “Critical potential index” and “critical kinetic in-
dex” are introduced as measures of the stability of the CLD of
the biped during landing. Landing stability is achieved by utilizing
the stability conditions. Stable jumping motion is experimentally
realized on a biped robot.

Index Terms—Biped robot, closed-loop dynamics (CLD), critical
potential index and critical kinetic index, jumping gaits, landing
stability, multiple Lyapunov function (MLF), singular perturba-
tion, switching zero dynamics (ZD).

I. INTRODUCTION

Z ERO moment point (ZMP) is a widely used concept to
analyze postural stability of legged systems [1]. The ZMP

is the point on the ground where the resultant of moments acting
on the legged system is zero. To maintain postural stability in
legged systems, the ZMP is kept within the area covered by
the foot, i.e., the support polygon [2]�[4]. Biped locomotion
is normally considered with �at foot while utilizing the ZMP-
based stability criterion [3], [4]. Unbalanced moment on the
foot leads to foot rotation about a point on the foot boundary.
Rotation of the foot is an important aspect to look into while
addressing stable locomotion. The foot rotation indicator (FRI)
point explains the occurrence of foot rotation [5]. If the FRI point
is outside the footprint area, the foot rotates about a certain point
on the foot boundary. The foot rotation changes the absolute
orientation of the biped bringing in a passive degree of freedom
(DOF) that makes the bipedal systems underactuated.

The absolute orientation of the biped is considered as an addi-
tional passive DOF in certain biped models [6]�[9]. Such biped
models are underactuated in nature resulting in nontrivial zero
dynamics (ZD) [10]. It is essential to investigate the stability of
the associated ZD while dealing with underactuated systems.
Periodic trajectories with the speci�c properties result in stable
ZD of a two-link acrobot [9]. The periodic nature of the loco-
motion/gait is utilized to stabilize the ZD [6], [7], [11], [12]. A
Poincar·e return map is an effective tool to validate periodicity
and orbital stability [6], [7]. Simpli�ed biped models such as
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spring�damper systems are helpful in establishing periodicity
in locomotion [11].

As ZMP criterion is not applicable to point foot bipeds, the
concept of orbital stability is useful while dealing with the as-
sociated stability issues [6], [7], [12]. By periodically attain-
ing certain postures, even though statically unstable, the orbital
stability is achieved. Similar concepts are useful in analyzing
stability of periodic activities such as running and hopping.

Fast dynamical activities like running, jumping, or hopping
are reported [2], [11]�[13] and experimentally realized [14],
[15]. The �ight phase is common in these activities when the
physical system loses contact with the ground. In the �ight
phase, it is noticeable that ground reaction force (GRF) becomes
zero, and angular momentum is conserved.

GRF is often used as a feedback to control the jumping mo-
tion [16]�[19]. GRF data obtained from human jumping phases
are utilized to compute the biped jumping gaits by optimizing
the inertial forces [16]. Simpli�cation of bipedal dynamics, for
example, the inverted pendulum model, is helpful in develop-
ing force-control strategies for jumping gait generation [17],
[18]. Time of application of the control scheme is important
in designing the effective force-control strategies for vertical
jumping [19].

In a number of studies, angular momentum is used for jump-
ing motion control [20], [21], [23]. Mita et al. utilize an angular
momentum conservation principle to develop an optimal control
strategy to produce jumping motion [20]. The �ight phase is ini-
tiated by nonzero angular momentum of a two-link planar robot
in [20]. The motion of a four-link gymnastic robot is controlled
using feedback linearization by Sobotka and Buss [21]. Non-
holonomic motion planning needs identi�cation of few discrete
states during �ight phase [21]. Hyon et al. [23] report back-
handspring experiment by controlling the angular momentum
about center of mass (CM).

Unlike running and hopping, jumping is aperiodic. Hence, the
concepts of periodicity and orbital stability are not applicable to
resolve the stability issues involved in jumping gaits. Although
static stability is possible in point foot bipeds, the presence of the
foot essentially provides greater stability margin. Two important
issues arise while considering the landing stability of jumping
gaits for the bipeds with nontrivial foot size. The �rst issue is
related to the modeling of the contact surface between the foot
and the ground, i.e., foot compliance [6], [22]. Foot compliance
is required to model the contact surface between the foot and the
ground surface while modeling biped dynamics in the presence
of the foot. The traditional concepts such as ZMP and FRI are
not suitable to address the stability when foot compliance model
is included in the system (or biped�s) dynamics. Second issue
is related to the stability in the presence of the foot rotation in
biped locomotion. In �at-foot postures, ZMP and FRI use the
torque generated at the toe�ground contact point due to GRF.
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Such torques due to GRF become zero when the foot is rotated
because GRF acts at the point of foot rotation. Therefore, ZMP
and FRI are not suitable for postural stability analysis when
the foot is already rotated. Stability considerations with foot
rotation for the activities like back-handspring, handstand, and
somersault are reported in [23] and [24], which are con�ned
to gait generation and control strategies. In the landing phase
of jumping gaits, the biped postures may be either with foot
rotation or with the foot being �at on the ground (modeled by
foot compliance). The presence of �at-foot postures and rotated
foot scenarios necessitates further stability analysis with the foot
compliance model being included in the biped dynamics.

Stability analysis associated with the foot compliance model
in the presence of foot rotation during the landing phase of
jumping gaits is the major motivation of this paper. The jump-
ing gait is generated for a biped with the foot compliance model
as a spring�damper system [22]. The control is formulated as an
output zeroing problem [10] where the output functions are con-
structed according to the desired jumping performance. During
the landing phase (with foot rotation), the biped model becomes
underactuated due to the presence of passive DOF at the contact
between the toe and the ground. The underactuation results in
2-D ZD. The biped switches between the con�guration with foot
rotation to the one with �at foot or vice versa during the landing
phase. The associated ZD is named as �switching ZD (SZD).�
The conditions for landing stability are derived to stabilize the
switching system. The stability of the closed-loop system further
depends on the two quantities that are named �critical poten-
tial index� and �critical kinetic index.� The jumping motion is
experimentally realized and stability conditions are validated.

Section II describes the biped jumping robot and the com-
putation of the associated dynamics. The control strategy is
discussed in Section III, while a selection procedure of desired
gaits for the output functions is discussed in Section IV. The
landing stability analysis is provided in Section V. The simula-
tions and experimentations of the jumping gait are described in
Section VI, and conclusions are drawn in Section VII.

II. BIPED JUMPER

A. Biped Jumper: BRAIL 2.0

Bio-Robotics Activities in Locomotion 2.0 (BRAIL 2.0) is
a 6-DOF two-legged robot. Each leg has three links: foot link,
shank link, and thigh link. The free end of the foot link is the toe.
The joint between the foot link and the shank link is the ankle.
The joint between the shank link and the thigh link is the knee
while that between the two thigh links of the legs is the hip.
Each leg has three joints, and each joint has one actuator. The
link attached at the hip is the torso link. A weight is attached
at the distal end of the torso link. The amount and location of
the weight on the torso link are adjustable. The biped has a total
of seven links. BRAIL 2.0 cannot bend in the frontal plane as
it does not have any �roll� DOF in its legs. BRAIL�s motion is
restricted to the sagittal plane, thus making it a planar robot.

The biped jumping motion is studied with respect to the
ground or any other �at surface in the sagittal plane (see Fig. 1).
The world coordinate system (X�Y) is �xed and absolute. The

Fig. 1. Biped model.

initial position of the toe is indicated by (x0 , y0). The two legs
are aligned to have identical pose in the sagittal plane to act
as a single leg. In the sagittal plane, the biped has four links
and three joints (i.e., active DOFs). The Cartesian coordinates
of the ankle, knee, and hip joints are (x1 , y1), (x2 , y2), and
(x3 , y3) with respect to X�Y. The body angular coordinate vec-
tor �b = (�2 , �3 , �4)T describes the shape of the biped. The
relative angles (�2 , �3 , �4) are known as shape variables and
are achieved by an actuator in each leg. As a consequence, each
DOF consists of two actuators placed at the same location of the
two legs in the sagittal plane. �1 is the absolute angle between
the foot and the ground. The vector of generalized coordinates
�a := (�1 , �T

b )T indicates the absolute posture of the biped. An-
gles are positive in the counterclockwise direction. The lengths
and masses of the foot, shank, thigh, and torso links are di and
mi (with i = 1, 2, 3, 4), respectively.

The mechanical design is built at Autodesk Inventor
(usa.autodesk.com). The Autodesk design and the biped BRAIL
2.0 are shown in Fig. 2. The biped weighs 1.37 kg and is 0.451 m
high. The biped model, which is developed at Autodesk Inven-
tor, is imported to Msc. Visualnastran (www.mscsoftware.com)
simulation environment. The biped parameters in Table I are
collected from the Msc. Visualnastran simulation environment
and are used in the computation of dynamics.

1) Actuators: The RX-64 motors from Robotis, Inc.
(www.robotis.com) are used as actuators. The motors weigh
116 g and provide a maximum torque of 6.4 N•m. With two ac-
tuators at each joints in the sagittal plane, the maximum torque
available at any joint is 12.8 N•m. These actuators are run in
�endless turn�/torque control mode. While controlling torque,
the torque input to the motor can be adjusted at a resolution of
about 0.1% of the maximum available torque at the current sup-
ply voltage. The actuators provide angular positions, velocities,
and joint torques as feedback.

2) Controller: The motors are controlled using a CM2 con-
troller board (www.robotis.com). The CM2 board uses an AT-
mega128 16 MHz processor. The controller can be connected to
the PC using an RS232 port through which HEX code, which is
generated from C programs, is downloaded. A unique ID is set
for each actuator for the controller to communicate with them.
The motors utilize the RS-485 communication protocol to use
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Fig. 2. BRAIL 2.0 and Autodesk design.

TABLE I
PARAMETERS OF THE BIPED

Fig. 3. Foot compliance model.

the daisy chain technology. The controller can read the joint
angular positions, velocities, and torques of the each actuator
connected in the daisy chain.

B. Foot Compliance Model and Foot Design

The foot�ground compliance model is shown in Fig. 3 by
replacing the foot link with a human foot. The entire contact
surface between the foot and the ground is represented by a
pivot and a spring�damper system located at the toe and the
ankle, respectively.

The assumptions on the foot compliance model are as follows.
C1) When the foot is �at, the entire foot�ground contact

surface is represented by the contacts at the toe and
ankle.

Fig. 4. Foot plate of BRAIL 2.0.

Fig. 5. Phases of jumping motion.

C2) The toe�ground contact acts as a rigid pivot and the biped
does not slip, rebound, or penetrate at this point, i.e., the
vertical component of the GRF is positive and the ratio
of the horizontal component to the vertical component
does not exceed the coef�cient of static friction [6], [7],
[34].

C3) The ankle�ground contact acts as a spring�damper sys-
tem where the biped can rebound or penetrate.

The foot link of BRAIL 2.0 is shown in Fig. 4. Foot bottoms
are cushioned by rubber sheets. The rubber cushioning helps to
avoid slipping and provides damping to help shock absorption
during jumping. The foot link has two plates connected together
at ankle while the toe part has only one plate. This makes the
ankle�ground joint better damped and stronger to absorb im-
pacts during landing.

C. Jumping Sequences

The jumping process is divided into three phases: takeoff
phase, �ight phase, and touchdown phase (see Fig. 5). The
biped�s absolute position is speci�ed by the Cartesian coor-
dinates of CM (xCM , yCM) with respect to the world coordinate
frame X�Y. In the takeoff phase, the foot link is in contact with
the ground and �yCM > 0. The biped is said to be in the touch-
down phase when the foot link is in contact with the ground
and �yCM < 0. There is no contact with the ground in the �ight
phase.

At the time of initiation of the �ight phase, �y0 > 0. In the
�ight phase, the biped�s CM evolves according to Newton�s
second law

¤xCM = 0

¤yCM = �g. (1)
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In the takeoff and touchdown phases, the CM [xCM(�a),
yCM(�a)] of the biped can be computed with respect to the toe
position

xCM(�a) =
�4

i=1 mixCM i�4
i=1 mi

yCM(�a) =
�4

i=1 miyCM i�4
i=1 mi

fCM(�a) =
� xCM(�a)

yCM(�a)

�
(2)

where mi and (xCM i , yCM i) indicate the mass and position
of the CM of the ith link, respectively. Therefore, the linear
velocity of the biped�s CM (with respect to the toe) is given by

� �xCM(�a)
�yCM(�a)

�
=

�fCM(�a)
��a

��a . (3)

While standing statically on �at foot in the sagittal plane, the
biped is statically stable if condition (4) is satis�ed [1]

0 � xCM(�a) � foot length = d1 . (4)

Without loss of generality, it is assumed that the jumping
motion starts from a statically stable posture with the origin
of the world coordinate system coinciding with the position of
the toe. The toe is in contact with the ground in both the take-
off and touchdown phases, and the toe�ground contact acts as
a rigid pivot during these phases. Impact occurs when the toe
touches the ground soon after the �ight phase or just before the
touchdown phase. Due to the impact, the joint angular velocities
change instantaneously while the joint angular positions remain
unchanged. The desired gaits in three jumping phases are com-
puted of�ine ensuring landing stability. Stability of the jumping
gaits depends on the biped dynamics and control strategies. The
control strategies ensure asymptotic convergence to a statically
stable posture at the end of the touchdown phase.

D. Lagrangian Dynamics During Takeoff
and Touchdown Phases

The biped�s dynamic model during takeoff and touchdown
phases are obtained using Lagrangian formulation [26] based
on the biped parameters in Table I. The biped dynamics have
the following form:1

Ms(�b)¤�a + Vs(�a , ��a) + Gs(�a) = �s (5)

where Ms is the 4 × 4 inertial matrix about the toe, Vs is the
4 × 1 vector containing the Coriolis and centrifugal terms, and
Gs is the 4 × 1 gravity vector. �s is the vector of the generalized
forces and torques applied to the biped. The external torques
are1

�s =

�

��

�1
�2
�3
�4

�

�	 = Bfltsut + Bbsus (6)

1�s� stands for the takeoff and touchdown phase, �f� for the �ight phase, �b�
for shape variables, �a� for absolute orientation, and �flt� for toe�ground joint.

where us = [ �2 �3 �4 ]T are the torques applied by the ankle,
knee, and waist actuators, respectively. ut = �1 is the torque
generated about the toe�ground contact point due to the GRFs
at the ankle�ground contact point

�1 =



�kd2

1�1 � Dd2
1
��1 , when �1 � 0

0, otherwise
(7)

where k and D are the spring constant and damping of the
ankle�ground contact, and

Bflts =

�

��

1
0
0
0

�

�	 Bbs =

�

��

0 0 0
1 0 0
0 1 0
0 0 1

�

�	 . (8)

Introducing the state vector xs := (�T
a , ��T

a )T , the Lagrangian
model (5) is expressed as

�xs =

� ��a

M�1
s (�Vs � Gs + Bfltsut)

�

+

�
0

M�1
s Bbsus

�

= fs(xs) + gs(xs)us (9)

where xs��s , �s := {xs = (�T
a , ��T

a )T | y0 = 0, y1 � 0, y2 >
0, y3 > 0, y4 > 0, �a��4}.

E. Lagrangian Dynamics During Flight Phase

For �ight phase, the generalized vector coordinates are con-
sidered as �f := (�1 , �b

T , xCM , yCM)T . The �ight phase dy-
namics are given by1

Df (�b)¤�f + Vf (�f , ��f ) + Gf (�f ) = �f (10)

where Vf is the 6 × 1 vector containing the Coriolis and cen-
trifugal terms, Gf is the 6 × 1 gravity vector, and Df is given
by

Df =
� Mf (�b) 04×2

02×4 mI2×2

�
(11)

where I2×2 is the 2 × 2 unity matrix and Mf (�b) is the inertial
matrix of the biped about the CM, which is given by [6]

Mf (�b) = Ms(�b) � m
�fCM(�a)

��a

T �fCM(�a)
��a

. (12)

The external torques are

�f =

�

������

0
�2
�3
�4
0
0

�

�����	
= Baf uf Baf =

�

������

0 0 0
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0

�

�����	
(13)

where uf = [ �2 �3 �4 ]T are the torques applied by the an-
kle, knee, and waist actuators, respectively, during the �ight
phase.
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Introducing the state vector xf := (�T
f , ��T

f )T , the model (10)
becomes

�xf =
� ��f

D�1
f (�Vf � Gf )

�
+

� 0
D�1

f Baf uf

�

= ff (xf ) + gf (xf )uf (14)

where xf ��f , �f := {xf = (�T
f , ��T

f )T | y0 > 0, y1 > 0, y2 >
0, y3 > 0, y4 > 0, �f ��6}.

F. Impact Model and Angular Momentums

The impact takes place when the toe touches the ground at the
end of the �ight phase. The impact model is assumed nonelastic
and instantaneous with the velocity of the toe becoming zero
instantaneously leading to discontinuity in joint velocities [25].
As the impact is assumed instantaneous, it can be treated as
an impulsive-dynamics event. Thus, the biped�s con�guration is
assumed constant and the position vector (�a ) does not change
during the impact interval. The toe�ground contact acts as an
ideal pivot after the impact. The positions and velocities just
before and after the impact are denoted by ��� and �+,� re-
spectively. Using the model in [25], the joint velocities just after
impact are obtained by

��+
a = Ms(��

b )�1

�

Mf (��
b );m

�fCM(��
a )

���
a

T
�

���
f . (15)

In takeoff and touchdown phases, the angular momentum of
the biped about the toe is given by2 [6]

� = Ms,1 ��a . (16)

The angular momentum after the impact is computed by the
following equation:

�+ = Ms,1(�+
a ) ��+

a . (17)

III. CONTROL LAW DEVELOPMENT

The control law for all the phases is formulated as an output
zeroing problem resulting in nontrivial ZD [10]. The output
functions for all the three phases are de�ned as

h(�b , t) = �b � �d
b (t) (18)

where �d
b (t) is the vector of three desired shape variable trajec-

tories. The desired trajectories in takeoff, �ight, and touchdown
phases are �d

bs(t), �d
bf (t), and �d

bl(t), respectively.
From (18), the following equations can be derived:3

�h(�b , t) =
�h
�x

�x � ��d
b (t) = LF h � ��d

b (t)

¤h(�b , t) = (LGLF h)u + L2
F h � ¤�d

b (t) (19)

where F , G, and x are from the system equations (9) and (14).
F , G, and x are fs , gs , and xs for takeoff and touchdown phases

2Ms,r indicates the rth row of the stance-phase inertia matrix.
3See [10] for Lie algebraic notations.

Fig. 6. Two-link equivalent model of the biped with foot.

and ff , gf , and xf for the �ight phase. The feedback controller
is de�ned as

u(x) = [LGLF h]�1 [v(h,LF h) � L2
F h + ¤�d

b (t)]

v(h,LF h) = �Kd( ��b � ��d
b (t)) � Kp(�b � �d

b (t)) (20)

where Kd and Kp are constants such that ¤h + Kd �h + Kph = 0
is stable.

IV. SELECTION OF DESIRED GAITS

The selection of the desired gaits4 [�d
bs(t), �d

bf (t), and �d
bl(t)]

is discussed in this section. The selection procedure is based
on the equivalent two-link model of the biped (see Fig. 6).
In the two-link model, the foot link acts as one link, and the
distance from the ankle to CM of the rest of the biped acts as
another link. The Cartesian coordinate (xCM0(�b), yCM0(�b)) is
as per Fig. 6 [with respect to the coordinate system (Xf , Yf )].
Considering the mechanical structure of the biped, i.e., BRAIL
2.0, its physically reasonable con�gurations correspond to �b (in
radians) in the ranges 1.8408 � �2 � 3.1227, �2.7585 � �3 �
�0.5219, and 0.2066 � �4 � 1.2519.

The desired gaits �d
b (t) are computed from the desired tra-

jectories of (xCM0(�b), yCM0(�b)) in various phases using
MATLAB�s LSQNONLIN function that utilizes the trust-region
method [29] for nonlinear error minimization of the following
function:

�(�d
b ) = (xd

CM0(t) � xCM0(�d
b ))2 + (yd

CM0(t) � yCM0(�d
b ))2

(21)

where (xd
CM0(t), yd

CM0(t)) is the desired Cartesian trajectory
of (xCM0(�b), yCM0(�b)). The nonlinear error minimization on
(21) is performed with the constraints that the solution vectors
�d

b lie within the ranges of the physically reasonable con�gu-
rations of the biped. Subsequently, a fourth-order polynomial
is considered to �t the set of solutions obtained from the non-
linear error minimization of (21). The fourth-order polynomial
resulted in error in the order of 10�4 m

�d
j (t) = aj,0 + aj,1t + aj,2t2 + aj,3t3 + aj,4t4 . (22)

4�l� stands for the landing phase or touchdown phase.
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Fig. 7. Flight phase gait design parameters.

With �d
j (t) in (22), (xCM0(�b), yCM0(�b)) closely follows

(xd
CM0(t), yd

CM0(t)).

A. Takeoff Phase Gait

In the takeoff phase, (xd
CM0(t), yd

CM0(t)) is given by5

xd
CM0(t) = xCM0(0) � Cxt

yd
CM0(t) = yCM0(0) + Cy t (23)

where (xCM0(0), yCM0(0)) is the initial location of
(xCM0(�b), yCM0(�b)). Cx and Cy are the desired horizontal
and vertical takeoff velocities. (xd

CM0(t), yd
CM0(t)) should be

such that �a := (0, (�d
b )T )T is real.

B. Flight Phase Gait

The biped�s CM evolves according to (1) in the �ight phase.
The shape variables are adjusted to vary the CM position with
respect to the toe (x0 , y0). The desired trajectory yd

CM0(t) is
given by

yCM(t) = yCM(0) + �yCM(0)t �
1
2
gt2

yd
0 (t) = �d sin



�
tf

t
�

yd
CM0(t) = yCM(t) � yd

0 (t) (24)

where �d is the desired jumping height, tf is the desired �ight
time, and yd

0 (t) is the desired trajectory of y0 (see Fig. 7).
Similarly, the desired trajectory of xd

CM0(t) is given by

xCM(t) = xCM(0) + �xCM(0)t

xd
0 (t) = �dt

xd
CM0(t) = xCM(t) � xd

0 (t) (25)

5Negative sign appears in the expression of xd
CM 0 (t) because x is negative

in the forward direction of jumping.

where �d is the desired length of jumping and xd
0 (t) is the desired

trajectory of x0 (see Fig. 7). The values of xCM(0), �xCM(0),
yCM(0), and �yCM(0) are their values at the end of the takeoff
phase. �d , �d , and tf should be chosen such that �1 > 0 at the
end of the �ight phase.

C. Touchdown Phase Gait

The initial positions in the touchdown phase are the positions
at the end of the �ight phase while the initial velocities change
instantaneously according to (15) due to impact at the end of
the �ight phase. The desired shape variables �d

j (t) (j = 2, 3, 4)
during the touchdown phase are constants

�d
j (t) = constant (26)

such that 0 < xCM0(�d
bl) < d1 = foot length and ��d

j (t) = 0.

V. LANDING STABILITY ANALYSIS

Landing stability is ensured by biped�s asymptotic conver-
gence to a statically stable posture. The control law (20) results
in nontrivial ZD in the touchdown phase [10]. Stability of the
closed-loop dynamics (CLD) is governed by the touchdown
phase ZD.

A. Switching Zero Dynamics (SZD): Touchdown Phase

The ZD manifold in touchdown phase with the output func-
tion (18) is given by [10]

Zs := {xs��s | �b = �d
b (t), ��b = ��d

b (t)}. (27)

The ZD (27) leads to (28) with desired shape trajectories
according to (26) [7]6

��1 =
�

Ms,1,1(�d
bl)

�� = �mgxCM(�1 , �d
bl) + �1 . (28)

The variable xCM(�a) [27] has the following form:

xCM(�a) = �
�

x2
CM0(�b) + y2

CM0(�b)

× sin



�1 � tan�1



xCM0(�b)
yCM0(�b)

��
. (29)

The variable Ms is independent of �1 and Ms,1,1(�d
bl) in (28)

is a constant. Let us de�ne three positive constants as follows:

K1 =
1

Ms,1,1(�d
bl)

kg�1 •m�2

K2 = mg
�

x2
CM0(�d

bl) + y2
CM0(�d

bl) N•m

K3 = tan�1



xCM0(�d
bl)

yCM0(�d
bl)

�
rad. (30)

6Ms,r,c indicates the element in the rth row and cth column of the stance-
phase inertia matrix.
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Fig. 8. Phase portrait of SZD (31). Trajectory I: Member of the set of trajectories going out with increasing �1 . Trajectory II: Member of the set of trajectories
reaching the �1 = 0 plane. The �rst switching occurs at (0, �T ) from subsystem A to subsystem B. The second switching occurs at (0, �F ) from subsystem
B to subsystem A. The third switching occurs at (0, ��T ) from subsystem A to subsystem B. The fourth switching occurs at (0, ��F ) from subsystem B to
subsystem A.

Thus, the ZD in (28) becomes
��1 = K1�

�� = K2 sin(�1 � K3) + �1 . (31)

The initial value of �1 in the touchdown phase is positive and
is given by its value at the end of the �ight phase. The value
of � changes on impact and its values after the impact �+ is
computed from (17). The torque at the toe�ground contact �1 in
(7) is written as

�1 =
� �K4�1 � K5�, when �1 � 0

0, otherwise
(32)

where K4 = kd2
1 N•m and K5 = Dd2

1K1s�1 . K4 indicates the
stiffness properties of the ankle�ground contact. The value of
k is on the order of 106 N/m for soft surfaces [33], leading
to K4 on the order of 104 N•m. The value of D is generally
5%�25% of k making K5 on the order of 102 s�1 . The ZD
in (31) has two equilibrium points in the range �� < �1 <
�: (�1 , �) = (K3 , 0) and (�1 , �) � (�(K2 sin(K3)/K4), 0).7
(�(K2 sin(K3)/K4), 0) corresponds to statically stable posture
where K2 sin(K3)/K4 � 0 as the value of K4 is quite high
compared with K2 .

The phase portrait of the ZD (31) shows that the touchdown
phase ZD is a switching system with two subsystems (see Fig. 8):
subsystem A (33) for �1 > 0 and subsystem B (34) for �1 � 0.
Switching takes place whenever the ankle touches or leaves the

7�1 is small compared with K3 in subsystem B, i.e., sin(�1 � K3 ) �
� sin(K3 ).

ground. The overall ZD during the touchdown phase is named
SZD.

In subsystem A (�1 > 0), the touchdown phase ZD is given
by

��1 = K1�

�� = K2 sin(�1 � K3). (33)

In subsystem B (�1 � 0), the touchdown phase ZD is given
by

��1 = K1�

�� = K2 sin(�1 � K3) � K4�1 � K5�. (34)

The touchdown phase always begins in subsystem A. For the
SZD to be stable, it needs to converge asymptotically to the
equilibrium (�1 , �) = (�(K2 sin(K3)/K4), 0).

B. Stability of SZD

Stability analysis of SZD consists of three aspects: 1) In
subsystem A (see Fig. 8), the phase portrait can either follow
trajectory I or II. Trajectory I leads to instability of the biped
structure. For trajectory II, switching takes place at the �1 = 0
plane, which is required for stability of the ZD. 2) For stability
in subsystem B, the ZD should either converge to the equi-
librium point (�1 , �) = (�(K2 sin(K3)/K4), 0), or it should
switch back to subsystem A. The possibility of initiating a �ight
phase from subsystem B is not addressed here as the biped is not
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supposed to rebound at the toe�ground contact according to the
assumption C2) of the foot compliance model. 3) The switching
should be such that the SZD asymptotically converges to the
equilibrium point (�1 , �) = (�(K2 sin(K3)/K4), 0).

In the following analysis, it is assumed that SZD (31) starts
at (�10 , �0), with �10 > 0 being the value of �1 at the end of the
�ight phase, and �0 is computed from (17).

Theorem 1: The SZD (33) reaches the �1 = 0 plane from
the initial states (�10 , �0) if the following condition is satis�ed
(�10 > 0).

1) When K3 > �10

ZD1: �0 <
�

2K 2
K 1

(1 � cos(�10 � K3)).

2) When K3 � �10

ZD1: �0 < �
�

2K 2
K 1

(1 � cos(�10 � K3)).

Proof: The proof is given in Appendix I. �
Theorem 2: The SZD (34) is locally asymptotically stable

with initial states (0, �T ) if the following condition is satis�ed:

ZD2: � 2
T

2
�

B
� 2 dt

> K5 > 0

where �B� indicates the time interval when the solution vector
of (31) is in subsystem B.

Proof: The proof is given in Appendix II. �
The SZD (31) is a switching system and switching occurs

at the �1 = 0 plane. Condition ZD1 ensures that (33) reaches
the �1 = 0 plane. Condition ZD2 ensures (34) either converges
to the stable equilibrium (�(K2 sin(K3)/K4), 0) or switches
back to subsystem A. However, the switching points (0, �F ) or
(0, ��F ) to subsystem A might not satisfy ZD1, thus leading to
instability. Therefore, conditions ZD1 and ZD2 are not suf�cient
to ensure the stability of SZD (31).

Theorem 3: The SZD (31) locally asymptotically converges
to the equilibrium point (�(K2 sin(K3)/K4), 0) from initial
states (�10 , �0) if the following conditions are satis�ed:

SZD1: K3 > �10 > 0.
SZD2: |�0 | <

�
2K 2
K 1

(1 � cos(�10 � K3)).
SZD3: ZD2.

Proof: The proof is given in Appendix III. �
The stability of SZD (31) depends on the initial states. The ini-

tial states of the SZD are the values at the CLD when h(�b , t) = 0
and �h(�b , t) = 0. Hence, stability of SZD is dependent on that
of the CLD and vice versa.

C. CLD: Touchdown Phase

CLD in both takeoff and touchdown phases is given by

¤h + Kd �h + Kph = 0

��1 =
�

Ms,1,1
�

Ms,1,2

Ms,1,1
��2 �

Ms,1,3

Ms,1,1
��3 �

Ms,1,4

Ms,1,1
��4

�� = �mgxCM(�a) + �1 . (35)

In the touchdown phase, the CLD leads to (36) with the control
input (20) and desired gait (26)

�	1 = 	2

�	2 = �
KP

�2 	1 �
KD

�
	2

��1 = 
1(	1)� � 
4(	1)	2

�� = 
2(	1) sin(�1 � 
3(	1)) + �1 (36)

where � is a small positive constant, Kp = KP /�2 , and Kd =
KD /�, with KP and KD being constant gains. � acts as the
perturbation parameter [28], and the signi�cance of � is explored
in the Appendix in the proof of Theorem 4. 	1 , 	2 , 
1(	1),

2(	1), 
3(	1), and 
4(	1) are given by

	1 = h(�b , t) = �b � �d
bl

	2 = �h(�b , t) = ��b


1(	1) =
1

Ms,1,1(	1)


2(	1) = mg
��

x2
CM0(	1) + y2

CM0(	1)
�


3(	1) = tan�1



xCM0(	1)
yCM0(	1)

�


4(	1) =
�

Ms,1,2

Ms,1,1

Ms,1,3

Ms,1,1

Ms,1,4

Ms,1,1

�
. (37)

Lemma 1: Consider the CLD (36). 
3(	1) > �1 implies
xCM(�a) > 0, and 
3(	1) � �1 implies xCM(�a) � 0.

Proof: Using (37), 
3(	1) = tan�1(xCM0(	1)/yCM0(	1))


3(	1) = tan�1



xCM0(	1)
yCM0(	1)

�
> �1

=� sin(�1)yCM0(	1) � cos(�1)xCM0(	1) < 0

=�

2(	1)
mg

sin(
3(	1) � �1) > 0 [using (37)]

=� xCM(�a) > 0 [using (29)].

Hence, 
3(	1) > �1 implies xCM(�a) > 0, and similarly,

3(	1) � �1 implies xCM(�a) � 0. �

The last two equations in (36) of ��1 and �� are known as
the internal dynamics of the system. Let us de�ne � = �1 +�


4(	1)d	1 . From (36) in subsystem A (�1 > 0)

d�
d�

=

2 sin(�1 � 
3)


1�

�d� =

2


1
sin(�1 � 
3)d�

�2(0)
2

=
�2

2
+ VID (�1 , 	1) (38)

where VID (�1 , 	1) = �
� �

�0
(
2/
1) sin(�1 � 
3)d�, and �0

and �(0) are the values of � and � at the beginning of the touch-
down phase. �VID (�1 , 	1) = 
2(	1) sin(
3(	1) � �1)�, and the
optimal values of VID (�1 , 	1) occur at �VID (�1 , 	1) = 0. At
� = 0, with a speci�c combination of 	1(0), 	2(0), KP , KD ,
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Fig. 9. Stability of internal dynamics.

and � at the �1 = �1(0) plane, VID (�1 , 	1) is maximum [from
(38)], and the maximum value is equal to �2(0)/2. Such maxi-
mum values of VID (�1 , 	1) vary depending on the initial angular
momentum �(0) during landing. There is a minimum value of
�(0) below which the trajectory reaches the � = 0 plane (tra-
jectories I and IV in Fig. 9). In other words, there is a maxi-
mum value of �(0) above which the trajectory does not reach
the � = 0 plane (trajectories II and III in Fig. 9). The max-
imum values of VID (�1 , 	1) corresponding to the maximum
value of �(0) for which the trajectory reaches the � = 0 plane
indicate the restriction on the biped�s joint angular velocities
for stable landing and is named the critical kinetic index in
De�nition 1.

De�nition 1: Consider the CLD (36) when �1(0) < 
3(	1).
For a speci�c combination 	1(0), 	2(0), KP , KD , and � at
the �1 = �1(0) plane, the value of VID corresponding to the
maximum value of �(0) for which the trajectory reaches the
� = 0 plane is named the critical kinetic index.

Critical kinetic index is denoted by V max
ID . Numerically, V max

ID
is found by identifying the maximum touchdown phase initial
angular momentum �(0) for which the trajectory reaches the
� = 0 plane, and V max

ID = (�(0))2/2.
Equation (3) leads to

�xCM(�a) =
�xCM(�a)

��a
��a

=� xCM(�a) �xCM(�a) = xCM(�a)
�xCM(�a)

��a
��a

=�
x2

CM(�a0)
2

=
x2

CM(�a)
2

+ VxC M (�1 , 	1) (39)

where VxC M (�1 , 	1) = �
� �a

�a 0
xCM(�a)(�xCM(�a)/��a) ��adt,

and �a0 = �a(0) at the beginning of the touchdown phase.
�VxC M (�1 , 	1)= �xCM(�a)(�xCM(�a)/��a) ��a . At �1 = 
3(	1),
xCM(�a) = 0, and �VxC M (�1 , 	1) = 0. Hence, VxC M (�1 , 	1) is
maximum at �1 = 
3(	1) for a speci�c combination of 	1(0),
	2(0), KP , KD , and � at the plane � = �(0) [from (39)]. Such

maximum values of VxC M (�1 , 	1) depend on the initial landing
posture of the biped, i.e., �a0 or xCM(�a0). There is a maximum
value of xCM(�a0) above which the trajectory does not reach the
�1 = 
3(	1) plane (trajectories I and II in Fig. 9). In other words,
there is a minimum value of �1(0) below which the trajectory
does not reach the �1 = 
3(	1) plane. The maximum values of
VxC M (�1 , 	1) corresponding to the minimum value of �1(0) for
which the trajectory reaches the �1 = 
3(	1) plane indicate the
restriction on biped�s joint angular positions for stable landing
and is named the critical potential index in De�nition 2.

De�nition 2: Consider the CLD (36) when �1(0) < 
3(	1).
For a speci�c combination of 	1(0), 	2(0), KP , KD , and � at
the � = �(0) plane, the value of VxC M corresponding to the
minimum value of �1(0) for which the trajectory reaches the
�1 = 
3(	1) plane is named the critical potential index.

Critical potential index is denoted by V max
xC M

. Numerically,
V max

xC M
is found by identifying the minimum value of �1(0) for

which the trajectory reaches the �1 = 
3(	1) plane, and V max
xC M

=
x2

CM(�a0)/2.
Theorem 4: Consider the CLD (36) and SZD (31). The local

asymptotic stability of the SZD (31) implies the local asymptotic
stability of CLD (36) if the following conditions are satis�ed:

CLD1: xCM(�a0) >
�

2V max
xC M

.
CLD2: | �(0) |<

�
2V max

ID .
CLD3: � 2

T

2
�

B
� 2 dt

> K5 > 0 and � is small enough to ensure

that the internal dynamics closely follow the ZD (31).

Here, �B� indicates the time interval when the solution vector
of (36) is in subsystem B.

Proof: The proof is given in Appendix IV. �
Stability of CLD is dependent on the critical potential index

and critical kinetic index. Their closed-form expressions are
zero and (K2/K1)(1 � cos(�10 � K3)), respectively, when the
system is within the Zs (27) manifold. Hence, using Lemma 1,
SZD1 and SZD2 and CLD1 and CLD2 are equivalent stability
conditions for SZD and CLD, respectively. � should be small
enough to satisfy CLD3 to ensure that CLD1 and CLD2 are
held in the case of rebounding at the ankle�ground contact
point. The bipedal structure and properties of the foot�ground
contact surfaces decide the values of the stability parameters K1 ,
K2 , K3 , K4 , and K5 . Therefore, the stability of SZD depends
mostly on the bipedal structure and the properties of foot�ground
contact surface. However, stability of the CLD is dependent on
the critical potential index and critical kinetic index, which
further depend on design parameters KP , KD , and �.

VI. SIMULATIONS AND EXPERIMENTS

A. Jumping Gait Simulations

Simulations are done based on the parameters shown in
Table I. The dynamics of the biped are computed in the
MATLAB/Simulink environment. The dynamics parameters are
expressed in C language code by using �ccode� command
for faster computation and simulation. The control algorithms
are simulated in Microsoft VC++ environment using the C
code of the biped dynamics generated by MATLAB/Simulink.
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TABLE II
BIPED�S JUMPING GAIT

The integration algorithm is based on the fourth-order Runge�
Kutta method with a �xed step size of 0.0001 s.

The initial posture of the biped considered is �a =
[ 0 2.3638 �1.5217 1.5286 ]T rad with zero joint angu-
lar velocities. With the initial posture, the location of CM is
xCM(0) = 0.0646 m and yCM(0) = 0.1155 m. It is noticeable
that 0 < xCM(0) < d1 , which indicates that the biped starts
from a statically stable posture. The toe�ground contact point
is considered as mentioned in C2), and the parameters for the
ankle�ground contact points are as follows8: K4 = 40000 N•m
and K5 = 800 s�1 . The values of K4 and K5 used in the sim-
ulation are adjusted such that the negative value of �1 is within
�0.001 rad in subsystem B, and there is no rebound at the
ankle�ground contact points. The negative value of �1 corre-
sponds to the penetration into the ground at the ankle�ground
contact points. Since �1 is within �0.001 rad in subsystem B, the
penetration is approximately 0.1 mm in simulation. The desired
polynomial coef�cients of the shape variables �d

j (t) are chosen
based on the method described in Section IV and are shown in
Table II. The values of different quantities during jumping are
shown in Table III.

In takeoff phase of the jumping gait, the takeoff time is 0.15 s,
Cx = 0, and Cy = 0.55 m/s. The control law (20) with feedback
gains Kp = 60 and Kd = 80 is applied in the takeoff phase. The
�nal CM velocities are �xCM(0) = 0.2275 m/s and �yCM(0) =
0.5143 m/s. These act as initial conditions for the �ight phase.

In �ight phase of the jumping gait, tf = 0.15 s, �d = 0.025 m,
and �d = 0. In the �ight phase, the control input is as in (20)
with feedback gains Kp = 400 and Kd = 300. Impact occurs
at the end of the �ight phase. Joint angular velocities change
instantaneously according to (15), which leads to change in an-
gular momentum according to (17). Due to impulsive-dynamical
assumption on the impact, the joint angular positions are con-
stant during the impact interval. Joint angular positions and
velocities after the impact act as initial conditions for the touch-
down phase. After the impact, �(0) = �1.62 kg•m2 •s�1 , and
�1(0) = 0.1063 rad. The �ight time is 0.1366 s in simulation
(see Table III).

The actual height (�) and length (�) of jumping are computed
by

�
�
�

�
=

�
0 0 0 0 1 0
0 0 0 0 0 1

�
�f � fCM(�a). (40)

8K4 and K5 are chosen according to the range reported in [33].

The �ight phase is indicated by � > 0. � < 0 indicates that
the biped is jumping forward, while � > 0 indicates that the
biped is jumping backward. With the parameters in Table II,
the biped jumped backward 7 mm, and the maximum jumping
height is 0.0249 m in simulation (see Fig. 10).

The desired gait in the touchdown phase is the same as the
initial posture of the biped. In the touchdown phase, the control
law (20) with feedback gains KP = 9, KD = 6, and � = 0.1 is
applied.

Table III shows the values of the various parameters during the
jumping phases obtained in simulation (joint angular positions,
velocities, and torque inputs are discussed in Section VI-B).
The touchdown phase is run in simulation for 5 s. Joint angular
positions converge to the initial positions with time in the touch-
down phase. Angular velocities converge to zero with time in
the touchdown phase (after 2.0 s). Fig. 11 shows the variation
of �1 in the touchdown phase. Due to sudden change in angular
velocities at point of impact, �1 = 37.3042 N•m.

1) Stability in Touchdown Phase: With the control input (20)
and the desired gaits as per Table II, the values of different joint
angles and velocities are shown in Table III. Considering the
�nal posture as �a = [ 0 2.3638 �1.5217 1.5286 ]T rad
with zero joint angular velocities, K1 = 27.6501 kg�1 •m�2 ,
K2 = 1.6873 N•m, and K3 = 0.5101 rad. The corresponding
stable equilibrium point of ZD (31) is (�0.000021, 0). The sta-
bility conditions CLD1�CLD3 converge to SZD1�SZD3 when
the internal dynamics in (36) converge to SZD (31). Therefore,
the stability of the CLD (CLD1�CLD3) also implies the stability
of the SZD (SZD1�SZD3).

The stability in the touchdown phase is veri�ed by CLD1�
CLD3. Angular positions and velocities in Table III at
t = 0.2867 s indicate �(0) = �0.1620 kg•m2 •s�1 and �1(0) =
0.1063 rad. Table IV shows the V max

xC M
and V max

ID values. It can
be veri�ed that CLD1 and CLD2 are satis�ed. Fig. 12 shows the
plots for �1 versus � and 
3 versus � with K4 = 40000 N•m,
K5 = 800 s�1 , and � = 0.1. It is seen that all the time, �1 < 
3 ,
i.e., xCM(�a) > 0. CLD3 is satis�ed as �1 converges to the sta-
ble equilibrium point (�0.000021, 0) with time. The conditions
CLD1�CLD3, for the stability of the touchdown phase CLD,
are satis�ed.

B. Jumping Experiment With the BRAIL 2.0 Biped

For jumping gait realization, actuators (see Section II-A1)
are operated in torque control mode (�endless turn mode�). The
input torques to the actuators are computed based on the control
law (20). The control law (20) computes torques inputs at ankle,
knee, and hip. The ankle, knee, and hip joints have two actuators
each, with one placed at each leg. The actuator inputs are half
of the joint torques computed by the control law (20).

The control law (20) uses the bipedal dynamics, and com-
putation of bipedal dynamics needs the joint angular position
and velocity feedback. The controller (see Section II-A2) reads
the feedback from the actuators and computes the biped dy-
namics at each sampling instant. Controller sampling time is
0.01 s, i.e., controller applies the control input (20) to each actu-
ators for 0.01 s. The controller gains are chosen as described in
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TABLE III
DIFFERENT PARAMETERS VALUES AT JUMPING PHASES

Fig. 10. Jumping height (�) versus jumping length (�).

Fig. 11. �1 at touchdown phase.

simulation. The control inputs change according to the change in
desired joint angular positions from �d

bs(t) to �d
bf (t) at t = 0.15 s

and �d
bf (t) to �d

bl(t) at t = 0.33 s. The torque inputs are read from
the actuator �load� feedback at each sampling instant and are
plotted in Fig. 13. The torque readings are collected from joint
actuators (ankle, knee, and hip) both from the right and left legs
at each sampling instant. Fig. 13(a)�(c) shows the experimental

Fig. 12. �1 versus � (dotted) and 
3 versus � (solid).

result as the sum of the �load� readings of both the joint actuators
placed at the ankle, knee, and hip of each leg, respectively.

Figs. 14 and 15 show the variation of joint angular positions
and velocities with control inputs according to (20) for the �rst
1.5 s during jumping. Joint angular position and velocity feed-
back are read from both the right and left legs. As the readings
from both the actuators placed at the ankle, knee, and hip joints
of the legs are almost equal, Figs. 14 and 15 show the readings
from the left leg actuators.

The biped�s absolute orientation at t = 0.15 s (at the
end of takeoff phase) is �a = [0.19 1.90 � 0.66 0.35]T
rad. The joint angular velocities ��a = [0.85 � 9.25 15.69
� 11.77]T rad/s at t = 0.15 s. �1 and ��1 are computed from the
internal dynamics (36) (by fourth-order Runge�Kutta method
with a �xed step size of 0.01 s) using the measured actuator po-
sitions and velocities. The desired joint angular positions change
from �d

bs(t) to �d
bf (t) at t = 0.15 s (takeoff phase to �ight phase).

In the �ight phase, the joint angular positions and velocities
(experimental and simulation) between t = 0.15 and t = 0.29 s
are shown in Figs. 14 and 15. The biped�s absolute orientation
and joint angular velocities at t = 0.30 s (at the end of the �ight
phase) are �a = [ 0.08 2.09 �0.74 0.38 ]T rad and ��a =
[ �0.76 �3.23 3.57 �1.38 ]T rad/s. Impact takes place
during t = 0.30�0.33 s (sensed by the sudden change in joint ve-
locities). The impact model in Section II-F assumes nonelastic-
ity, i.e., instantaneous change in velocity at the point of impact.
However, it is noted from the Fig. 15 that velocities change fast
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